Abstract. We show that all subvarieties of a quotient of a bounded symmetric domain by a sufficiently small arithmetic discrete group of automorphisms are of general type. This result corresponds through the Green-Griffiths-Lang's conjecture to a well-known result of Nadel.
Introduction
A complex analytic space X is called hyperbolic in the sense of Brody if there is no non-constant holomorphic map C → X. Given a projective complex variety X, one can measure the deviation from Brody-hyperbolicity of the corresponding analytic space by introducing its exceptional subvariety Exc(X) ⊂ X, which is by definition the Zariski closure of the union of the images of all non-constant holomorphic maps C → X. A famous conjecture of Green-Griffiths and Lang says that this subset has an interpretation in the realm of algebraic geometry: Conjecture 1.1 (Green-Griffiths, Lang, cf. [GG80, Lan86] ). Let X be an irreducible projective complex variety. Then X is of general type if and only if Exc(X) = X.
Recall that an irreducible smooth projective complex variety X is said of general type if it has enough pluricanonical forms to make the canonical rational maps X P(H 0 (X, ω ⊗m X ) ∨ ) birational onto their images for m ≫ 1. In that case, every smooth projective complex variety birational to X is of general type too. An irreducible complex algebraic variety X is said of general type if any smooth projective complex variety birational to X is of general type.
Observe that conjecture 1.1 implies that given a projective complex variety X, the irreducible components of its exceptional locus Exc(X) are not of general type, and that any irreducible subvariety of X not contained in Exc(X) is of general type.
The conjecture 1.1 is known for some special classes of varieties, including subvarieties of abelian varieties [Blo26, Och77, Kaw80] , smooth projective surfaces with a big cotangent bundle [Bog77, McQ98] and generic hypersurfaces of high degree [DMR10] .
In this article, we investigate conjecture 1.1 for compactifications of arithmetic locally symmetric varieties and their subvarieties. Recall that an arithmetic locally symmetric variety is by definition a complex analytic space which is isomorphic to In other words, the exceptional subvariety of any compactification Γ ′ \D is included in Γ ′ \D − Γ ′ \D. Our main result is the corresponding statement predicted by conjecture 1.1: (1) This is in fact a consequence of a stronger statement, see theorem 7.1. (2) That such a Γ ′ \D is of general type was already known of Tai [AMRT75] and Mumford [Mum77] , and our proof of theorem 1.3 build partly on Mumford's ideas. Also, Brylinski [Bry79] has shown that the moduli space of curves with a sufficiently high dihedral level structure is of general type. A stronger result follows from the theorem 1.6 below and Torelli's theorem.
As a direct application of Borel's algebraization theorem [Bor72,  Note that in general it is necessary to take a finite index subgroup as shown by the example Sl(2, Z)\∆ ≃ C. Nonetheless, by [BKT13, theorem 3 .1] and its proof, a compact complex analytic variety endowed with a generically immersive holomorphic map to a quotient of a bounded symmetric domain by a torsion-free discrete group of automorphisms is of general type.
In the special case where D is Harish-Chandra's realization of the Siegel half-space of rank g, we prove the more precise statement (cf. section 8):
Theorem 1.6. For any g ≥ 1 and any n > 12 · g, every subvariety of A g (n) is of general type.
Here A g (n) denotes the moduli stack of principally polarized abelian varieties of dimension g with a level-n structure, which is a smooth quasi-projective variety for n ≥ 3. By Torelli's theorem, theorem 1.6 implies an analogous statement for the moduli stack of curves with level structures.
Our main result has some (partly conjectural) implications for Shimura varieties that we now briefly discuss. Let (G, X) be a Shimura datum: G is a reductive
, one has the corresponding Shimura variety:
which is a finite disjoint union of arithmetic locally symmetric varieties when K is net. Its Baily-Borel compactification Sh K (G, X) C BB is a normal projective complex variety which contains Sh K (G, X) C as a Zariski-open dense subset. The 
Following Lang, the exceptional subvariety should also have an arithmetic significance: Lang) . Let X be a projective complex variety. For any field F finitely generated over Q with an embedding σ : F → C and any variety X F defined over F such that X F ⊗ σ C = X, the set of F -rational points of X lying outside of Exc(X) is finite.
It is not difficult to verify that if the conjecture 1.1 is true, then Exc(X) is defined over any field of definition of X. By the work of Shimura, Deligne, Milne, Shih and Borovoi, Sh K (G, X) C admits a canonical model over the reflex field E(G, X) associated to the Shimura datum (G, X). Moreover, its Baily-Borel compactification Sh K (G, X) BB is defined over the same field. Therefore, as a consequence of Bombieri-Lang conjecture, one obtains the following Conjecture 1.9. Let (G, X) be a Shimura datum and
See [UY10] for a partial result in direction of this conjecture.
In the case of A g , in view of our Theorem 1.6, the Bombieri-Lang conjecture would have the following consequence (compare with [AMPVA16, AVA16]):
Conjecture 1.10. For any g ≥ 1, any n > 12 · g and any field F finitely generated over Q, there is only a finite number of isomorphism classes of principally polarized abelian varieties defined over F of dimension g with a level-n structure.
Our proof of the theorem 1.3 relies strongly on Hodge theory. It uses a seminegativity result for subsheaves of system of log Hodge bundles contained in the kernel of the Higgs field due to Zuo [Zuo00] and the author [Bru14] , cf. theorem 3.6. It also uses as a main input the existence on bounded symmetric domains of a special class of systems of Hodge bundles said of Calabi-Yau type, that were first introduced by Gross [Gro94] and further studied by Sheng-Zuo [SZ10] and Friedman-Laza [FL13] . Their construction together with their remarkable properties are recalled in section 5. To help the reader who is not familiar with automorphic objects on arithmetic locally symmetric varieties, we have gathered the necessary background material in section 4. Our main construction (cf. section 7) is reminiscent of a strategy introduced by Viehweg and Zuo in their study of hyperbolicity properties of moduli spaces of canonically polarized varieties [VZ02] . Accordingly, it is necessary to consider the cotangent bundle and its symmetric powers, even if one wants ultimately prove some positivity properties of the canonical bundle. The bridge from the latter to the former is crossed thanks to an important result of Campana-Peternell and Campana-Pȃun, cf. theorem 2.9.
1.1. Notations. In this paper, a smooth log pair (X, D) is a smooth complex algebraic variety X together with D ⊂ X a union of smooth divisors crossing normally. A log pair (X, D) is said projective when X is projective. A morphism of log pairs f :
A (projective smooth) log-compactification of a smooth complex variety U is a projective smooth log pair (X, D) with an identification X − D ≃ U . In the sequel, all varieties will supposed to be irreducible.
Different notions of positivity for torsion-free sheaves
In this section, we recall for the reader convenience different positivity notions for torsion-free sheaves on smooth projective complex varieties that we will use later in this paper.
2.1. We begin with some notions due to Viehweg. For details and proofs, the reader is referred to [Vie83, lemma 1.4] and [Vie95, p.59-67].
Definition 2.1. Let X be a complex quasi-projective scheme. A coherent sheaf F on X is globally generated at a point x ∈ X if the natural map
Definition 2.2 (Viehweg). Let X be a smooth projective complex variety and F a torsion-free sheaf on X. Let i : V ֒→ X denotes the inclusion of the biggest open subset on which F is locally free.
(1) We say that F is weakly positive over the dense open subset U ⊂ V if for every ample invertible sheaf H on X and every positive integer α > 0 there exists an integer β > 0 such that S α·β F ⊗ OX H β is globally generated over U .
(2) We say that F is Viehweg-big over the dense open subset U ⊂ V if for any line bundle H there exists γ > 0 such that S γ F ⊗ H −1 is weakly positive over U .
Here the notation S k F stands for the reflexive hull of the sheaf S k F , i.e. S k F = i * (S k i * F ). We say that F is weakly positive (resp. Viehweg big) if there exists a dense open subset U ⊂ V such that F is weakly positive (resp. Viehweg big) over U .
Remark 2.3. If F is locally free, then F is nef if and only if it is weakly positive over X, and F is ample if and only if it is Viehweg-big over X. 
Lemma 2.4 (Viehweg
2.2. We introduce now a weaker notion of bigness. Let E be a vector bundle on a smooth projective complex variety X. Let π : P(E) := Proj OX (Sym E) → X be the projective bundle of one-dimensional quotients of E and O E (1) be the tautological line bundle which fits in an exact sequence π
Lemma 2.5. The following assertions are equivalent: The lemma 2.5 implies that a Viehweg-big vector bundle is big, but the converse is not true (consider for example the rank 2 vector bundle O(1) ⊕ O(−1) on P 1 ). Note however that the two notions coincide for line bundles.
Proof of lemma 2.5. First observe that given a (non necessarily Viehweg-big) torsionfree sheaf F on X and locally-free sheaf E such that the line bundle O E (1) is Viehweg-big, there exists a non-zero map F → S k E for any sufficiently big k. Indeed, it is sufficient to show the existence of a section of O E (k) ⊗ π * F ∨ for any k ≫ 1, which follows from [Laz04a, example 2.2.9]. In particular, this shows that (1) =⇒ (3). Let us now show (3) =⇒ (2). Let i : V ֒→ X be the inclusion of the biggest open subset on which F is locally free. Given any ample line bundle H, there exists γ > 0 such that S γ F ⊗ H −1 is weakly positive. Therefore, there exists an integer
is generically globally generated, as well as the quotient sheaf S 2·β·γ F ⊗ OX H −β . This shows the existence of a generically surjective map ⊕H β → S 2·β·γ F . On the other hand, the non-zero map 
2.3. Complex algebraic varieties with maximal cotangent dimension.
Definition 2.7. A complex algebraic variety X is said to have maximal cotangent dimension if any smooth projective complex variety birational to X has a big cotangent bundle.
If X is a smooth projective complex variety with maximal cotangent dimension, then any smooth projective complex variety birational to X has the same property, cf. [Sak79] .
Lemma 2.8. 
Variations of Hodge structures
The axioms of variations of Hodge structures were introduced by Griffiths in the 60's. In this paper, we will need a slight generalization which does not ask for the existence of a real structure on the underlying local system, as in [Del87, Sim92] .
3.1. Definitions.
Definition 3.1. Let V be a complex vector space of finite dimension. A (complex) Hodge structure (of weight zero) on V is a decomposition V = p∈Z V p . A polarization of a complex Hodge structure is a non-degenerate hermitian form h on V making the decomposition V = p∈Z V p orthogonal, such that the restriction of h to V p is positive definite for p even and negative definite for p odd. The associated Hodge filtration is the decreasing filtration F on V defined by
If we are given a Hodge structure on V , then a non-degenerate hermitian form h on V is a polarization exactly when the hermitian form h H defined by
for u, v ∈ V is positive definite. Here C denotes the Weil operator, i.e. the endomorphism of V whose restriction to V p is the multiplication by (−1) p .
Definition 3.2. Let S be a complex manifold. A variation of polarized complex Hodge structures (C-PVHS) on S is the data of a holomorphic vector bundle V equipped with an integrable connection ∇, a ∇-flat non-degenerate hermitian form h and for all s ∈ S a decomposition of the fibre V s = p∈Z V p satisfying the following axioms:
(1) for all s ∈ S, the decomposition V s = p∈Z V p s defines a Hodge structure polarized by h s , (2) the Hodge filtration F varies holomorphically with s,
Definition 3.3. Let S be a complex manifold. A Higgs bundle on S is the data of a holomorphic vector bundle E equipped with a 1-form θ ∈ Ω 1 S ⊗ End(E), called the Higgs field, which satisfies θ ∧ θ = 0 ∈ Ω 2 S ⊗ End(E). A system of Hodge bundles on S is a Higgs bundle (E, θ) with a decomposition E = p∈Z E p as a sum of holomorphic subvector bundles such that θ(
) is a C-PVHS, we define the corresponding system of Hodge bundles (E = p∈Z E p , θ = ⊕ p∈Z θ p ) by setting:
Canonical extensions.
Definition 3.4 (Log C-PVHS). Let (X, D) be a smooth log pair, and set U := X − D. A log complex polarized variation of Hodge structure (log C-PVHS) on (X, D) consists in the following data:
• A holomorphic vector bundle V on X endowed with a connection ∇ with logarithmic singularities along D.
• An exhaustive decreasing filtration F on V by holomorphic subbundles (the Hodge filtration), satisfying Griffiths transversality
Definition 3.5 (Log Higgs bundles and systems of log Hodge bundles). A log Higgs bundle on a smooth log pair (X, D) is the data of a holomorphic vector bundle E equipped with a 1-form
A system of log Hodge bundles on (X, D) is a log Higgs bundle (E, θ) with a decomposition E = p∈Z E p as a sum of holomorphic subvector bundles such that θ(
. As before, one associates to any log C-PVHS a system of log Hodge bundles by the formula (2).
Let (X, D) be a smooth log pair with U := X −D and j : U ֒→ X the inclusion. Let (V, ∇, F r , h) be a C-PVHS on U whose local monodromies around the irreducible components of D are unipotent. Let V ≥0 be Deligne's extension of V to X, i.e. the unique extension for which ∇ has logarithmic poles and the residues are nilpotent, cf. [Del70] . We can extend the Hodge filtration by setting:
and it turns out that this is still a filtration by vector subbundles (this is a consequence of Schmid's nilpotent orbit theorem [Sch73] ). It follows that (V ≥0 , ∇, F r V ≥0 , h) is a log C-PVHS on (X, D). By taking the associated graded object with respect to F r , we get the so-called canonical extension (E ≥0 , θ ≥0 ) of (E, θ) to (X, D). The following result will be one of the crucial point of the proof of theorem 1.3: 
Arithmetic locally symmetric varieties and automorphic objects
We collect in this section some facts about arithmetic locally symmetric varieties that will be used in the sequel. + denotes the connected component of the identity in the euclidean topology. In fact, it is known that Is(D) = Aut(g). Let G be the connected component of the identity subgroup of the real algebraic group Aut(g), so that G(R)
We call G the real algebraic group associated to D. It is a connected semi-simple real algebraic group of adjoint type. For every z ∈ D, the subgroup K z ⊂ G(R)
+ of biholomorphisms fixing z is a maximal compact subgroup of G(R)
+ . Choosing a basepoint z for D,
Let D be a bounded symmetric domain and G be the corresponding real algebraic group of adjoint type. We call D irreducible when G is simple. In general, D can be decomposed uniquely as a product of irreducible bounded symmetric domains, and this decomposition corresponds to the decomposition of G as a direct product of its simple subgroups. The rank of D is by definition the rank of the real algebraic group G, i.e. the dimension of a maximal split torus. It is denoted by rk D.
Definition 4.2. A subgroup Γ of Aut(D) is called arithmetic if there exists a Q-form G Q of G and an embedding G Q ֒→ Gl n defined over Q such that Γ is commensurable with G Q (Q) ∩ Gl n (Z), i.e. the intersection is of finite index in each. This property turns out to be independent of the embedding.
if for any representation G Q → Gl n defined over Q and any element γ ∈ Γ, the subgroup of C * generated by the eigenvalues of the automorphism of C n associated to γ is torsion-free. In particular, Γ is torsion-free. Moreover, any arithmetic group admits a finite-index neat subgroup.
Definition 4.3. An arithmetic locally symmetric variety is a complex analytic space which is isomorphic to a quotient of a bounded symmetric domain D by a torsion-free arithmetic lattice Γ ⊂ Aut(D).
It follows from the work of Baily-Borel [BB66] that every arithmetic locally symmetric variety X = Γ\D admits a canonical compactification by a normal projective variety that we denote X BB . In particular, X admits a canonical (and in fact unique) structure of smooth quasi-projective variety. However, Igusa and others have shown that the singularities of X BB are very complicated in general. In order to address this problem, Mumford et al. [AMRT75] have introduced the collection of so-called toroidal compactifications of X, which are algebraic spaces with only quotient singularities. These compactifications are not unique, they depend on the choice of a combinatorial data Σ. Moreover, when Γ is neat, it is always possible to find a toroidal compactification X Σ of X such that (X Σ , D) is a projective log-compactification of X, where D := X Σ − X. For any toroidal compactification X Σ , the identity map X → X can always be extended to a holomorphic map
We denote by U(1) the real algebraic group SO(2) and by U (1) = U(1)(R) the corresponding real Lie group. For every z ∈ D, there exists a unique group homomorphism u z : U (1) → K z ⊂ G(R) + such that for any λ ∈ U (1), the automorphism of the tangent space T z D at z induced by u z (λ) is the multiplication by λ coming from the complex structure on D. The subgroup K z is the centralizer of u z (U (1)) in G(R) + (in particular K z is connected) and, if D is irreducible, u z (U (1)) is the center of K z . All the morphisms u z for z ∈ D are conjugated under G(R) + , hence D can be identified with the G(R)
+ -conjugacy class of one such u z : U (1) → G(R) + . Observe that every u z comes from a real algebraic morphism u z : U(1) → G which satisfies the following properties:
(1) the induced action of U(1) on the complex Lie algebra Lie(G(C)) has weights −1, 0, 1, (2) ad(u z (−1)) is a Cartan involution of G, (3) u z (−1) does not project to 1 in any simple factor of G.
Recall that a Cartan involution of a (non necessarily connected) real linear algebraic group G is an involution σ of G such that the real form G σ of G C associated to the complex conjugation g → σ(ḡ) is compact, i.e. G σ (R) is compact and meets all connected components of G σ C (C) = G C (C). Note that property (3) is equivalent to ask that G has no compact factor.
Conversely, if G is a connected real adjoint algebraic group and u : U(1) → G is a morphism which satisfies the preceding conditions (1), (2) and (3), then the G(R)
Definition 4.4. A (pointed) real Hodge datum of hermitian type is a couple (G, u) composed of a connected real adjoint algebraic group G and a non-trivial morphism u : U(1) → G which satisfies the preceding conditions (1), (2) and (3). A (pointed) rational Hodge datum of hermitian type is a couple (G, u) composed by a connected rational adjoint algebraic group G and a non-trivial morphism u : U(1) → G R which satisfies the preceding conditions (1), (2) and (3).
Our preceding discussion shows that there is a natural correspondence between isomorphism classes of pointed bounded symmetric domains and isomorphism classes of real Hodge data of hermitian type.
Let (G, u) be a real Hodge datum of hermitian type, and denote by K the centralizer of u(U (1)) in G := G(R) + . The element u(−1) ∈ G defines an involution σ of g = Lie(G). The subspace where σ acts by the identity is Lie(K), and we denote by p the subvector space where σ acts by −Id, so that Lie(G) = Lie(K) ⊕ p. Let also p C = p + ⊕ p − be the decomposition into ±i-eigenspaces for σ C , and P ± be the subgroups of G generated by exp(p ± ). Then K C normalizes P ± and Q := K C · P + is a parabolic subgroup of G. Here, K C is the complexification of K. This provides
4.2. Automorphic bundles. We follow the presentation of [Zuc81] . Let (G, u) be a real Hodge datum of hermitian type, and D be the associated bounded symmetric domain. Let G be a connected real semi-simple Lie group with finite center such that G ad = G(R) + . Let K be a maximal compact subgroup of G, so that there is an identification D = G/K and K is the stabilizer in G of a point z 0 ∈ D. Finally, let Γ be a torsion-free discrete subgroup of G.
Let E be a G-equivariant C
∞ real (resp. complex) vector bundle on D, i.e. a C ∞ -vector bundle on D endowed with a left action of G which covers the G-action on D. Then the subgroup K ⊂ G acts on the fibre of E at z 0 . Conversely, given any finite-dimensional real or complex representation τ : K → Gl (V ), we define a G-equivariant C ∞ -vector bundle E(τ ) on D whose fibre at z 0 is identified with V by taking the quotient of G × V by the following right-action of K (which covers the natural right-action of K on G):
Example 4.5. The left-action of K on p C coming from the adjoint representation yields the complexified tangent bundle of D.
For any torsion-free discrete subgroup Γ of G, the C ∞ -vector bundle E(τ ) descends to a C ∞ -vector bundle on Γ\D that we denote abusively E(τ ).
4.2.2.
For any torsion-free discrete subgroup Γ of G and any finite-dimensional real or complex representation ψ : Γ → Gl (V ), we get a flat vector bundle Ψ(ψ) on Γ\D defined as the quotient of D × V under the left-action of Γ:
Proposition 4.6. Let ρ : G → Gl (V ) be a finite-dimensional real or complex representation (which induces by restriction representations of Γ and K). Then the mapping Ξ :
4.2.3. Let G C be the complexification of G. As before, the G C -equivariant holomorphic vector bundles onD are in correspondence with finite-dimensional complex representations of Q. Given a representation σ : Q → Gl (V ), we denote by E(σ) the associated holomorphic vector bundle onD with a left action of G C which covered the G C -action onD. It induces by restriction a holomorphic vector bundle on D with a left action of G which covered the G-action on D, which descends to a holomorphic vector bundle on Γ\D.
Proposition 4.7. Let ρ : G → V be a finite-dimensional complex representation which then induces representations of Γ and Q. Then the mapping Ξ :
4.2.4. Every complex representation τ : K → Gl (V ) extends canonically to a morphism K C → Gl (V ). Using the morphism Q → K C → 1, we obtain a representation σ : Q → Gl (V ), which by restriction to K ⊂ Q gives back the representation τ . This procedure endows canonically E(τ ) with a holomorphic structure. Note however that when τ : K → Gl (V ) is the restriction to K of a morphism ρ : G → Gl (V ), this holomorphic structure on E(τ ) differs in general from the holomorphic structure on E(ρ |K ).
Canonical extensions of automorphic vector bundles.
Let τ : K → Gl (V ) be a complex representation, and let E(τ ) be the corresponding G-equivariant holomorphic vector bundle on D. Any choice of a K-invariant positive definite hermitian form on V induces a hermitian metric h on E(τ ). Assume moreover that (G, u) comes from a rational Hodge datum of hermitian type (G Q , u). For any torsionfree arithmetic subgroup Γ ⊂ G Q (Q), the hermitian holomorphic vector bundle (E(τ ), h) descends to the arithmetic locally symmetric variety X = Γ\D. If X is a toroidal compactification of X, Mumford has shown that E(τ ) admits a unique extension on X such that h is a singular metric good on X (see [Mum77, section 1] for the meaning of "good" and [Mum77, theorem 3.1]). We call this extension Mumford's canonical extension of E(τ ) to X.
4.3.
The canonical automorphic line bundle. Let (G, u) be a rational Hodge datum of hermitian type, and D be the associated bounded symmetric domain. Choosing a basepoint z of D, denote by K ⊂ G(R)
+ the centralizer of u z (U (1)) in G(R)
+ , so that D = G(R) + /K. When D is moreover irreducible, the group of isomorphism classes of 1-dimensional complex representations of K is infinite cyclic, hence so is the group of isomorphism classes of G-equivariant line bundles on D. We denote by L the generator such that the canonical bundle of D is a positive power of L. When D is reducible, one defines L to be the tensor product of the G-equivariant line bundles obtained as before. For any torsion-free arithmetic subgroup Γ ⊂ G(Q), the holomorphic line bundle L descends to the arithmetic locally symmetric variety Γ\D, and has a canonical extension to any toroidal compactification of Γ\D that we still denote by L. Proof. This is well-known and can be proved as follows in the irreducible case. Let D := X − X. First observe that a positive tensor power of L |X is isomorphic to the canonical bundle ω X of X and that the canonical extension of ω X to X is ω X (D), hence it is sufficient to show that ω X (D) is ample with respect to X. On the other hand, if we denote by X BB the Baily-Borel compactification of X, then
is the pull-back of the canonical bundle ω X BB of X BB by the canonical map
. But ω X BB is known to be ample. 4.4. Automorphic C-PVHS. Let G be a semi-simple real algebraic group whose adjoint group G ad admits a real Hodge datum of hermitian type (G ad , u). Let D be the corresponding bounded symmetric domain. In this section, we describe briefly a procedure which associates to an irreducible finite-dimensional complex representation ρ : The morphism u : U(1) → G permits to define a polarized complex Hodge structure on V as follows. First, we obtain a decomposition V = n∈Z V (n) by setting
Example 4.10. When ρ : G(C) → Gl (g) is the adjoint representation, we get three summands:
where µ is a positive integer which is equal to 1 when G is of adjoint type.
Let G c be the compact form of G C corresponding to C := ad(u(−1)). Let h H be any G c -invariant hermitian positive definite form on V (unique up to multiplication by non-zero constant) and set h(x, y) = h H (C.x, y) for every x, y ∈ V . It is a Ginvariant hermitian form on V . By construction, the morphism u takes its values in U(V, h) and ad(u(−1)) is a Cartan involution of U(V, h), hence it defines a Hodge structure on V polarized by h. Moreover, as h(x, gCg −1 y) = h(g −1 x, Cg −1 y) for any g ∈ G(R), h is a polarization of any Hodge structure of V associated to a morphism U(1) → G which is G(R)-conjugated to u.
Any z ∈ D corresponds to a morphism u z : U(1) → G ad , which can be uniquely lifted to a morphism u 1)) is a Cartan involution of G. By the preceding discussion, we get for any z ∈ D a complex Hodge structure on V polarized by h. When G = G ad , or more generally when µ = 1 (cf. example 4.10 for the definition of µ), we define in this way a C-PVHS on the constant local system with fibre V on D. However, if µ > 1, Griffiths transversality is not satisfied in general. This problem is addressed in [Zuc81] by introducing the following ad hoc numbering (see also [Kli11, definition 4.2.4] for a more canonical solution). The set of integers n ∈ Z such that V (n) = 0 is of the form {λ, λ − µ, λ − 2µ, · · · , λ − mµ} for some integers λ, m ≥ 0. Then define the Hodge decomposition V = p∈N V p by V p = V (λ − pµ). We obtain in this way a C-PVHS on D, endowed with a left action of G which covers the G-action on D, hence descends to any quotient Γ\D by a torsion-free discrete subgroup Γ of G. This C-PVHS is called the automorphic C-PVHS (or the locally homogeneous C-PVHS) associated to the representation ρ : G(C) → Gl (V ). It is real whenever ρ comes from a representation G → Gl(V R ), where V R is a real form of V : V = V R ⊗ C.
Assume now that (G ad , u) comes from a rational Hodge datum of hermitian type (G ad Q , u), and that Γ ⊂ G ad Q (Q) is an arithmetic subgroup. Let X be a smooth toroidal compactification of X := Γ\D, and set D := X − X. The automorphic C-PVHS associated to the representation ρ : G(C) → Gl (V ) has unipotent monodromy around D. Let V be its canonical extension to X as a log C-PVHS, and (E, θ) be the corresponding system of log Hodge bundles. The holomorphic vector bundle E p is canonically isomorphic to Mumford's canonical extension of E p |X for every p. Moreover, as K is the centralizer of u(U (1)) in G(R) + , every V p is naturally endowed with an action of K, and the corresponding automorphic bundle is canonically isomorphic to E p |X .
Complex PVHS of Calabi-Yau type on bounded symmetric domains
Definition 5.1. Let V be a finite dimensional complex vector space. A complex Hodge structure V = p V p is said of Calabi-Yau type if it is effective (i.e. V p = 0 for p < 0) and dim V n = 1, where n is the biggest integer p such that V p = 0. We call n the weight of the Hodge structure.
The terminology is of course motivated by the complex Hodge structure on the degree n cohomology group of a compact Calabi-Yau manifold of complex dimension n. We define analogously C-PVHS of Calabi-Yau type.
Let D be an irreducible bounded symmetric domain. Let G be the corresponding adjoint real algebraic linear group, G C be its complexification and g C be the complex Lie algebra of G C (C) = G(C). Let h ⊂ b ⊂ g C be a Cartan subalgebra contained in a Borel subalgebra, and let ∆ = {α 1 , · · · , α r } be the corresponding set of simple roots of h and ∆ ∨ = {α ∨ 1 , · · · , α ∨ r } the corresponding set of simple coroots. Writing the highest root as a linear combination of the simple roots α = 1≤i≤r n i α i , we say that a simple root α i is special if n i = 1. As explained in [Del79, section 1.2], the irreducible bounded symmetric domains such that the corresponding adjoint real algebraic group has complexification G C are canonically in bijection with the special roots in ∆. If α i is the special root associated to D, then we define the corresponding cominuscule weight ω i by the conditions ω i (α
The corresponding fundamental representation of the algebraic universal cover of G C with highest weight ω i is called the cominuscule representation. It determines an irreducible G(R)
+ -equivariant C-PVHS on D by the procedure described in section 4.4, which has been studied by Gross [Gro94] when D is a tube domain and by Sheng-Zuo [SZ10] in the general case. 
Conversely, any irreducible G(R)
+ -equivariant C-PVHS of Calabi-Yau type on D is obtained by this procedure.
Therefore, for every n ≥ 1, there is a unique irreducible G(R)
+ -equivariant C-PVHS of Calabi-Yau type of weight n · rk D on D. The one of minimal weight is V D .
Theorem 5.4 (Gross [Gro94]). Let D be an irreducible bounded symmetric domain. If (E, θ) denotes the G(R)
+ -equivariant system of Hodge bundles which corresponds to the unique irreducible G(R)
+ -equivariant system of Hodge bundles which corresponds to the unique irreducible G(R) If X is a smooth algebraic variety of dimension n, then a coordinate neighborhood of a point x ∈ X is an affine open neighborhood U of x in X together with functions
If (X, D) is a smooth log pair and U is a coordinate neighborhood of x ∈ X with local coordinate system (
(1 ≤ i ≤ r) and the dz j (r < j ≤ dim X). In particular, it follows that the O X -module Ω 1 X (log D) is locally-free. Note that any morphism of smooth log pairs f : 
Proof. The injectivity of µ * is clear. Let us show the surjectivity. Denote by Z the smallest closed subset of X such that µ induces an isomorphism
, we get by the isomorphism above a section t of Ω 1 X (log D) defined on U − Z. By Hartogs' phenomenon, the section t extends uniquely to a section on U whose pull-back is the section s we began with (as they are generically equal). 
where (Y ′ , E ′ ) and (X ′ , D ′ ) are smooth log pairs, µ and ν are proper and birational morphisms of log pairs and
is a morphism of log pairs whose image
′ is a simple normal crossing divisor. The claim then follows from the special case above and the same kind of arguments used during the proof of lemma 6.2: Given x ∈ X, let us show that f * is surjective at x. The only non-trivial case is when x is of the form x = f (y). Let s be a section of Ω 1 Y (log E) defined in a neighborhood of y. Choosing a point y ′ ∈ Y ′ such that ν(y ′ ) = y, one get by pulling-back a section ν * s of Ω 1 Y ′ (log E ′ ) defined in a neighborhood of y ′ . Arguing as in the proof of lemma 6.2, the section ν * s can be obtained by pull-back from a section
Then, by applying the special case above, we see that this last section s ′′ is in turn the pullback of a section t
We claim that s = f * t in a neighborhood of y. As ν * is injective, it is sufficient to show that ν * s = ν * (f * t) = f ′ * (µ * t) in a neighborhood of y ′ , but this is true by construction. This finishes the proof of the surjectivity.
6.2. Highly ramified towers. This section is strongly inspired by [Mum77, . Note however that our definition differs slightly from that of loc. cit.
Definition 6.4. Let (X, D) be a projective smooth log pair together with a collection of connected finiteétale Galois coverings π α : X α → X, where X := X − D. Assume that any two covers are dominated by a third one. We say that the tower {π α } is highly ramified over D if for any N ≥ 1, there exists α and (X α , D α ) a projective smooth log-compactification of X α with a morphism of log pairs (X α , D α ) → (X, D) which extends π α , such that the index of ramification of every component of D α is at least N .
Example 6.5. Let (G, u) be a rational Hodge datum of hermitian type with D the associated bounded symmetric domain, and Γ ⊂ G(Q) a torsion-free arithmetic subgroup. By definition, there is an embedding σ : G Q ֒→ Gl n defined over Q such that Γ is commensurable with G σ (Z) := G Q (Q) ∩ Gl n (Z). For every positive integer n, let Γ(n) σ be the normal subgroup of elements of Γ which belongs to the kernel of Gl n (Z) → Gl n (Z/nZ). This corresponds to a collection of connected finiteétale Galois coverings π n : X n → X, where X n := Γ(n) σ \D and X := X 1 . In this situation, Mumford [Mum77, has shown that for any (non necessarily smooth projective) toroidal compactification X of X, the tower {π n } is highly ramified over D := X − X. More precisely, he has shown the stronger property that for any positive integer N , one can make the ramification index of all components of the divisor at infinity relatively to the map π n divisible by N by taking a sufficiently big n. Theorem 6.6. Let (X, D) be a projective smooth log pair together with a collection of connected finiteétale Galois coverings π α : X α → X, where X := X − D. Consider the following properties.
(1) The tower {π α } is highly ramified over D. 
Proof. We first show the implication (1) =⇒ (2). By assumption, there exists α and (X α , D α ) a projective smooth log-compactification of X α with a morphism of log pairs (X α , D α ) → (X, D) which extends π α , such that the index of ramification of every component of D α is at least N . It follows that
and the latter is included in (Ω 1 Xα ) ⊗l as soon as mN ≥ l.
Let us now show the implication (2) =⇒ (3). Fix N ≥ 1 and take α as in (2). First observe that the commutation can be verified locally. But it follows from the projection formula and the lemma 6.3 that the morphism of O X -modules
is surjective, hence the commutation of (3) is a consequence of the commutation of (2).
Proof of the main theorem
In this section, we give a proof of the following This result implies our main theorem 1.3 in view of the theorem 2.9.
Let (G, u) be the rational Hodge datum of hermitian type, with D the associated bounded symmetric domain, and Γ ⊂ G(Q) the torsion-free arithmetic subgroup, such that X = Γ\D. The group Γ can be assumed to be neat from the beginning. Let X be a smooth projective toroidal compactification of X and set D := X − X. We denote by r D the rank of D, and by L the canonical extension to X of the canonical automorphic line bundle on X, cf. section 4.3.
A key step in the proof of theorem 7.1 is the following Proposition 7.2. Let l and m be two integers such that the line bundle L ⊗l (−mD) is big over X. Then, for any map of projective smooth log pairs f : (Y , E) → (X, D) which is generically finite, the vector bundle
tains a Viehweg-big subsheaf (in particular it is big).
Proof. By assumption, the line bundle H := L ⊗l (−mD) is big over X.
By Theorem 5.3, there exists an irreducible system of log Hodge bundles (E, θ) on the log pair (X, D) which is of Calabi-Yau type of weight w :
Let (Y , E) be a projective smooth log pair with a generically finite morphism f : (Y , E) → (X, D). By pulling-back we get a system of logarithmic Hodge bundles of Calabi-Yau type of weight w on the log pair (Y , E) that we denote (E |Y , θ |Y ).
For all k ≥ 0, we have morphisms of O X -modules (cf. section 3.1)
Let k Y ≤ w be the largest k for which the map φ k is non-zero. Note that k Y ≥ 1 by proposition 5.6. Denote by N Y the image of φ k Y . It is a coherent subsheaf of
contained in the kernel of θ |Y . It follows from corollary 3.7 that its dual N ∨ Y is a weakly positive torsion-free coherent sheaf. From φ k Y we get a non-zero morphism
By tensoring with the line bundle f * O X (−mD), this provides a non-zero morphism
Observe that f * H is big because H is big over X, cf. lemma 2.4. It follows by lemma 2.4 that the left-hand side of (3) is Viehweg-big, hence its image in Let us now finish the proof of theorem 7.1. We keep the notations introduced above.
Recall that L is big over X (cf. theorem 4.8), hence the same is true for the line bundle L ⊗l (−D) for l big enough. Fixing an embedding σ : G Q ֒→ Gl n defined over Q, let {π n } be the tower of connected finiteétale Galois coverings defined in example 6.5. Recall that in this setting the pair (X, D) is highly ramified over D. By Theorem 6.6, there exists n ≥ 1 such that for any projective smooth log pair (Y , E) equipped with a morphism of log pairs f : (Y , E) → (X, D) mapping birationnally Y onto its image, for any projective smooth log-compactification (Y ′ , E ′ ) of an irreducible component of (Y − E) × X X n , the following diagram commutes
Let Z be a subvariety of X n of positive dimension. Its image by the proper map π n is a subvariety of X. Moreover, the canonical map Z → π n (Z) × X X n identifies Z with an irreducible component of π n (Z) × X X n . We can thus apply the Theorem 6.6 to (Y , E) a projective smooth log-compactification of a proper resolution of π n (Z), and (Y ′ , E ′ ) a projective smooth log-compactification of the corresponding irreducible component of (Y − E) × X X n , such that the restriction of π n extends to a map of log pairs (Y ′ ′ is big by the lemma 2.5, hence that Z has maximal cotangent dimension.
The case of the Siegel half-spaces
In order to obtain optimized results, we will deal in this section with orbifolds, noticing that all we have done so far make sense in this bigger category.
Let g and n be two positive integers. Denote by A g (n) the moduli stack of principally polarized abelian varieties with a level-n structure. Recall that a level-n structure on a principally polarized abelian variety A of dimensiong over a field k of characteristic zero is a 2g-tuple of points in A(k) which generate the subgroup of n-torsion points in A(k) and form a symplectic basis with respect to the Weil pairing. Fix a smooth toroidal compactification A g of A g and set D := A g − A g . We denote by L the canonical extension to A g of the automorphic line bundle. If V is the canonical weight one Q-PVHS on A g , then the irreducible automorphic C-PVHS of Calabi-Yau type of weight g is a direct factor of Λ g V. Denoting by (E, θ) the corresponding system of Hodge bundles, one has E g = det(E 1,0 ) = L |Ag . By taking the canonical extensions of both sides, one gets E g = L. Recall also that L
⊗(g+1)
is isomorphic to the log-canonical bundle ω Ag (D) of (A g , D).
Let V be the canonical weight one Q-PVHS on A g and (E 0 = E 1,0 0 ⊕ E 0,1 0 , θ) be the corresponding system of Hodge bundles. The irreducible automorphic C-PVHS of Calabi-Yau type of weight g is a direct factor of Λ g V. Denoting by (E, θ) the corresponding system of Hodge bundles, one has E g = det(E is isomorphic to the log-canonical bundle ω Ag (D) of (A g , D).
Lemma 8.1 (Nadel [Nad89, proof of theorem 3.1], see also [AVA16, proposition 4.1]). Let A g (n) be a smooth toroidal compactification of A g (n) such that the map π n extends to a map π n : A g (n) → A g . Then π n is ramified to order at least n over the divisor at infinity D. As L is big over A g , it follows that the line bundle L ⊗l (−mD) is big over A g for any l, m ∈ N with 12 · m < l. Arguing as in section 7, we get the Theorem 8.3. Let g ≥ 1. For every n > 12 · g, all subvarieties of A g (n) are of maximal cotangent dimension (hence a fortiori of general type).
